RICCI FLOW ON QUASIPROJECTIVE MANIFOLDS 
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Abstract. We consider the Kahler-Ricci flow on complete finite- volume metrics that hve 
on the complement of a divisor in a compact Kahler manifold X. Assuming certain spatial 
asymptotics on the initial metric, we compute the singularity time in terms of cohomological 
data on X. We also give a sufficient condition for the singularity, if there is one, to be type- 
H. 
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1. Introduction 



In this paper we study the Ricci flow on certain finite-volume complete Kahler metrics 
that live on complements of divisors in compact Kahler manifolds. Our motivation, which 
we now describe, comes from the general goal of understanding singularities in Ricci flow. 

It is known, since Hamilton's first Ricci flow paper [13j, that singularities in a Ricci flow 
on a manifold M arise from curvature blowup. The nature of the blowup is important in 
the analysis of the singularity. We let Rm denote sectional curvatures. If Tsing is a first 
singularity time then the singularity is said to be type-I if there is a constant C < oo so 

Date: March 17, 2010. 

2000 Mathematics Subject Classification. 53C44,32Q15. 

The research of the first author was partially supported by NSF grant DMS-0903076. 
The research of the second author was partially supported by NSF grant DMS-0904760. 

1 



2 



JOHN LOTT AND ZHOU ZHANG 



that I Rm |(m, t) < ^ _^ for all m G M and t < Tsmg- Otherwise, the singularity is said to 
be type-II. 

In Ricci flow, the natural scaling is that time ~ distance^. Since curvature ~ distance'^ , 
a naive dimensional analysis would suggest that all singularities are type-I. However, this 
is not the case. The first type-II singularity was found on a noncompact surface which is 
diffeomorphic to M^, but whose initial metric g{0) describes a hyperbolic cusp capped off 
by a ball. The singular time is Tging = ^ Vol(M^, (?(0)). At any time t < Tgjng, the volume 
is Vol(]R^, (7(0)) — Ant. Hence as t — )■ Tging, there is no volume left. The geometric behavior 
as the time t approaches Tsing is as follows. For t < Tsmg, one can divide the surface into 
an inner region It and an outer region Of. As one goes out the end, the metric on Ot has 
asymptotically constant negative curvature k{t), with k{t) remaining bounded as t — )■ Tsing. 
However, as t — )■ T^ing, the outer region disappears and the inner region If dominates. 
The curvature on It goes to infinity pointwise as t ^ Tging and its geometry approaches a 
ray, in the pointed Gromov-Hausdorff sense. After a parabolic rescaling to normalize the 
curvature. It approaches a special Ricci fiow solution, the cigar soliton, as one approaches 
the singularity time. For these results and more, we refer to papers by Daskalopoulos-del 
Pino-Hamilton-Sesum [3 El El [ID] and references therein. 

The goal of this paper is to extend some of these two-dimensional results to higher dimen- 
sions. A starting point in the two-dimensional analysis is the use of isothermal coordinates 
on R^, in order to write the Ricci fiow equation as a scalar equation for the conformal factor. 
This method clearly does not work in higher dimensions, so we must take another approach. 
Our approach is based on the observation that M^, with a finite- volume asymptotically hy- 
perbolic metric, can be considered as S"^ — pt, with a metric on S"^ which, in local coordinates 
near pt, approaches the Poincare metric |^|2iogf(j^|-2-) - This is an example of a quasiprojective 

manifold, meaning the complement X = X — D of a.n effective divisor D with simple normal 
crossings in a compact Kahler manifold X. Another simple example of a quasiprojective 
manifold comes from taking the product X = {S"^ — pt) x (S"^ — pt) of the previous manifold 
with itself. Then X = X - D, where X = x and D = {S^ x pt) U (pt xS^). 

In what follows, we will speak equivalently of a Kahler metric or a Kahler form. Let 
(0) be a complete Kahler metric with bounded sectional curvature on a complex manifold 
X. It is known that there is some e > so that there is a Ricci fiow solution on the time 
interval [0, e] with initial metric ux{0), complete time slices and uniformly bounded sectional 
curvature |23]. It is easy to see that the time-t metric g{t) is Kahler with respect to the initial 
(and fixed) complex structure, so it makes sense to talk about the ensuing Kahler-Ricci fiow 

By definition, the singularity time Tging is the supremum of the numbers T > with the 
property that there is a Ricci fiow solution ux{t) with the given value at t = 0, defined for 
t G [0,T], having complete time slices and uniformly bounded sectional curvature on the 
time interval [0,T]. Note that Tging could be infinity, which corresponds to not having a 
singularity. 

In order to state the main result, we introduce some terminology. Given a compact 
Kahler manifold X of complex dimension n, we write [K^] e Im {B.^{X; Z) 11^{X; M)) n 

H'-^'^-'(X; R) for the first Chern class of the canonical line bundle Kj^ = A"''^X. Note 
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that [K^] is the negative of the first Chern class of the holomorphic tangent bundle, so 
[K^] = -c,{X). 

For us, a divisor D = Di in X is a formal sum of closed complex submanifolds of X with 
complex codimension one. There is a corresponding class [D] E Im (H^(X; Z) H^(X; M))n 
H^^'^)(X;M), whose Poincare dual *[D] G }l2n-2(X;R) is the sum of the pushforwards of the 
fundamental classes of the Z^j's. Hereafter we will assume that D has normal crossings. 

Recall that a class c G H''^'^''(X; M) is a Kdhler class if there is a closed positive form 
u G ^l^^'^\X) whose de Rham cohomology class is c. In such a case, we write c > 0. 

The main theorem of the paper concerns the Kahler-Ricci flow solution on X = X — D 
whose initial metric is a finite- volume Kahler metric oox{0) with "superstandard" spatial 
asymptotics. This notion, which will be made precise in Definition 18.101 roughly means 
that the metric at infinity can be decomposed into families of products of hyperbolic cusp 
metrics. (An example of superstandard spatial asymptotics is the product metric on X = 
(5*^ — pt) X (S"^ — pt) from before.) One motivation for considering such asymptotics is that 
they arise for the finite- volume Kahler-Einstein metric on X that exists when [Kj^ + D] > 
[1611221 [21 [271128]. 

If wx(0) has superstandard spatial asymptotics then in terms of the inclusion X C X, we 
can extend uxiO) by zero to get a closed (1, l)-current on X; see Theorem 16.61 There is a 
corresponding cohomology class [cuxlO)] G H*-^'^''(X; M). 

The goal now is to express properties of the Kahler-Ricci flow on X in terms of cohomolog- 
ical data. We remark that it may not be immediately clear which cohomology group is the 
relevant one. For example, one may think that it should be some sort of cohomology of X. 
However, it turns out that what's relevant is the cohomology of the compactification X. (As 
a precedent, the cohomology of the compactification is also key to the previously-mentioned 
work on finite- volume Kahler-Einstein manifolds.) We show that we can effectively compute 
Tsing from cohomological data on X. We also give a sufficient condition to ensure a type-II 
singularity. 

Theorem 1.1. Suppose that ujx{0) is a Kdhler metric on X with superstandard spatial 
asymptotics. 

1. The singularity time Tging of the ensuing (unnormalized) Kdhler-Ricci flow equals the 
supremum of the numbers T > so that [u)x{0)] + 27tT[Kj^ + D] G H''"'^'^''(X; R) is a Kdhler 
class on X. 

2. If D ^ 0, Tsing < oo and [wx(0)] + 27rTsing [isTx + ^] vanishes m H(^'^)(X;M) then there 
is a type-II singularity at time Tsing. 

When X has one complex dimension. Theorem 11.11 recovers some of the surface results 
mentioned before; see Example 19.41 

In the course of proving Theorem II. II we obtain some results about Kahler-Ricci flow that 
are valid for a wider class of initial metrics. We now describe some of these results, in order 
of decreasing generality. 

In Theorem 14. II we characterize the singularity time for a normalized Kahler-Ricci flow on 
any complex manifold X, whose initial metric u;x(0) is complete with bounded curvature. 
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For T > 0, put LOT = -Ric(a;x(0)) + e"^ (wx(0) + Ric(wx(0))). Theorem O says that the 
singularity time Tsing equals the supremum of the numbers T > with the property that 
there is some Ft G C°°(X) so that 

• ut + \/—lddFT is a Kahler metric on X which is biLipschitz to ux{0), and 

• For each k > 0, the k-th covariant derivatives of Ft (with respect to the initial 
metric Ux{0)) are uniformly bounded on X. 

Theorem 14. II is an extension of [221 Proposition 1.1] by Tian and Zhang, which dealt with 
the case when X is compact. The interest of Theorem 14.11 is that the issue of computing 
^sing is reduced to a flow-independent question on X. 

The next main result, Theorem 15. H concerns long-time convergence. Under the assump- 
tion that the initial metric cox{0) satisfies — Ric(a;x(0)) -|- ^/—Iddf > ewx(O) for some e > 
and some smooth function / with bounded covariant derivatives, we show that the normal- 
ized Kahler-Ricci flow (13. 2p exists forever and that its time slices converge smoothly to a 
complete Kahler-Einstein metric on X with Einstein constant —1. This is an extension of 
[U Theorem 1.1] by Chau. 

The next goal is to characterize the singularity time in cohomological terms. To do so, we 
specialize to initial metrics on a quasiprojective manifold X = X — D that satisfy "standard" 
spatial asymptotics. In Theorem 17. II we show that this property is shared by the time slices 
of the ensuing normalized Kahler-Ricci flow. We can then extend uxit) by zero to define a 
closed (1, 1) current on X and a corresponding cohomology class [c(;x(^)] ^ H*-^'^^(X; M). We 
prove that [wx(^)] equals e~*[a;x(0)] + 27r(l — e~*) [Kj^ + D]. In Theorem 16.61 we show that 
if the Kahler-Ricci flow on X, with initial metric ux{0), extends to time T then [a;x(^)] 
is a Kahler class on X. The proof uses a characterization of Kahler classes that is due to 
Demailly-Paun [T2] . 

In Theorem 18.171 we further specialize to initial metrics on X = X — D that satisfy 
"superstandard" spatial asymptotics. We show that this property is again shared by the 
time slices of the ensuing Kahler-Ricci flow. In Theorem l8.19l we show that if [a;x(^)] happens 
to be a Kahler class on X then coxit) can be written as ojt + y/^ddFt for an appropriate 
Ft G C°^(X) n L°°{X). Along with Theorem 14. 1^ this proves the first part of Theorem 11.11 

The proof of the second part of Theorem 11.11 is by contradiction. Suppose that the 
singularity is type-I. By a result of Naber [20] (which is based on Perelman's work |2T]). 
there is a spacetime sequence (xi,ti) with ti — > so that after rescaling by ^ the 

^ -^sing 

corresponding pointed Ricci flow solutions converge to a K-noncollapsed gradient shrinking 
soliton Y with uniformly bounded curvature. Since D ^ ^, the manifold Y is noncompact. 
By our assumption on the limit of the Kahler class, Y has finite volume. This leads to a 
contradiction. Therefore, the singularity must be type-II. 

We mention some open problems. The first problem is to understand what kind of rescal- 
ing limits can arise from type-II singularities as above. A general construction of Hamilton 
gives a rescaling limit which is an eternal solution, i.e. which exists for t G M [6, Proposition 
8.17]. The question is whether it must be a gradient steady soliton, as is the case in one 
complex dimension, where one gets the cigar soliton. Another question is which gradient 
steady solitons can occur as rescaling hmits. 
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A second problem is to work out a spatial asymptotic expansion for the metric ux{t), 
assuming some precise spatial asymptotics for ujx{0). The analogous question for a Kahler- 
Einstein metric on X = X — D, which exists when [Ky + D] > 0, was addressed in [22l |28] . 

We thank Lei Ni for a helpful comment. We thank the referee for a careful reading and 
helpful suggestions. 



2. Conventions 



Given a Kahler manifold X of complex dimension n, the Kahler form is a real (1, 1)- 
form u which can be expressed in holomorphic normal coordinates at a point p by u}{p) = 
Yl^=i dz'^ Adz''. The Kahler form of the Poincare metric is given on the upper half plane 
H={weC: lm{w) > 0} by ^ ^f^^g^, . This is the puUback of the Kahler form 

(2.1) f ^ = -V^dd\og{\z\Hog\\zn) 

|zp log (i-zr ) 

on A* = A — {0}, under the map z = e^^'^. Here A denotes the unit ball in C. 

Let L be a holomorphic line bundle over X with Hermitian metric hi- If a is a section 
of L then we write = hL{a,a). There is a unique connection V'^ which is compatible 
with both the Hermitian metric and the holomorphic structure on L. Let F{hL) G 
VP[M) be the curvature form of V^. The de Rham cohomology class of ^^^^Fih^) equals 
ci(L) G Im(H2(X; Z) ^^{X; M)). If a is a local holomorphic section of L then F(/il) = 
— dd\og\aW^. If Kx = A'^'^X is the canonical bundle of X then we will write [Kx] for 
ci{Kx) = -ci(X). 

The Ricci form is 

(2.2) Ric = -v^F {hKx) = V^ddlog \a\l^ = -^dd\ogdet{g,-), 

where a is locally dz^ A . . . A dz"". Then [Ric] = -2ttci{Kx) = 27rci(X) G li^{X; R). For 
the Poincare metric on C*, |cr||. = log^(|2;|~^), so Ric(w) = —to. 



3. The potential flow 



We consider Ricci flow on a connected complex manifold X of complex dimension n, 
which may be non-compact. Suppose that uq is a smooth complete Kahler metric on X 
with bounded curvature. The unnormalized Kahler-Ricci flow equation is 

(3.1) ^ = -Ric{ujt), uo = Wo, 
while for us the normalized Kahler-Ricci flow equation is 

(3.2) ^ = -Ric{uJt) - uJt, uo = Wo- 

at 

(Note that the right-hand side of (13.11) differs by a factor of two from the usual Ricci flow 
equation ^ = —2 Ric.) One can pass between solutions of (13. ip and (13. 2p by rescaling 
the metric and reparametrizing time, so there is no essential difference between the two 
equations. Theorem 11.11 is stated for the unnormalized equation (13. ip but in the rest of the 
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paper, we use the normalized equation f l3.2p . The reason is that the Poincare metric is a 
static solution of f l3.2p : this fact will be convenient in some constructions. 

There is some T > so that there is a solution of fl3.2p on the time interval [0, T], having 
complete time slices and uniformly bounded curvature on [0,T] [2^. Furthermore, such a 
solution is unique on [0,T] [5]. 

As is standard in Kahler-Ricci flow, we reduce (13 ■2p to a scalar equation. To do so, note 
that if we have a solution of (13 ■2p then after passing to de Rham cohomology, we get an 
ordinary differential equation in H^(X;]R) : 

(3.3) = -[Ric{ut)] - N 

= -[Ric(u;o)] - Pt]- 

The solution to ( 13. 3p is [ojt] = — [Ric(wo)] + e~* ([wq] + [Ric(u;o)]). This suggests putting 

(3.4) iot = -Ric(a;o) + e~* (wq + Ric(wo)) 

and making an ansatz for a solution of (13. 2p . of the form ut + \/—lddu for some scalar 
function. 

Consider the equation 

(3.5) - = log A ^-^ L_ _ u, uiO, ■) = 0. 

It is implicit that we only consider solutions u of (13.50 on time intervals so that Ut + 
y/^ddu > 0. Note that a solution of (13.50 automatically has ^(0, ■) = 0. 



at V"' 

Lemma 3.6. Suppose that there is a solution to 1^3. 2\} on a time interval [0, T], with complete 
time slices and uniformly bounded curvature. Then there is a smooth solution for u in liS. 5\) 
on the time interval [0, T] so that 

1. For each t G [0,T], ut + yj—lddu is a Kdhler metric which is biLipschitz equivalent to 

2. For each k, the k-th covariant derivatives of u (with respect to the initial metric cuq) are 
uniformly bounded. 

Also, cot = Ut + y/—lddu. 

Conversely, suppose that there is a smooth solution to Ii3.5\) on a time interval [0,T] so 
that 

1. For each t G [0,T], Ut + \/—lddu is a Kdhler metric which is biLipschitz equivalent to 

2. For each k, the k-th covariant derivatives of u (with respect to the initial metric Uq) are 
uniformly bounded. 

Then ut = Ut + \^^ddu is a solution to ^3.2\) on [0,T], with complete time slices and 
uniformly bounded curvature. 
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Proof. Suppose that we have a solution to (13. 2p on a time interval [0, T], with complete time 
slices and uniformly bounded curvature. Put 

(3.7) u{t) = / e^-Mog^rfs, 



, ,n 



SO that 

(3.8) | = log^ — 

Then for each k, the k-th covariant derivatives of u (with respect to the initial metric uq) 
are uniformly bounded. Also, 

Q _ _ _ _ 

(3.9) — {ut -UJt - V^ddu) = -{ut-ut- V^ddu) . 



dt 

As — ojt — ^/^-Iddu vanishes at t = 0, it follows that Ut = ujt + \/—lddu for all t. Thus 
u satisfies (13. 5p . 

Conversely, suppose that we have a smooth solution to (13. 5 p on a time interval [0, T] so 
that each u)t + \/—lddu is a Kahler metric which is biLipschitz equivalent to uo, and for each 
k, the A;-th covariant derivatives of u (with respect to the initial metric Uq) are uniformly 
bounded. Putting cot = Ut + y/^ddu gives a solution to (13. 2p on [0,T]. Because Ut is 
biLipschitz equivalent to ujq, each time slice is complete. From the derivative bounds on u, 
the curvature of Ut is uniformly bounded on [0,T]. □ 

Remark 3.10. In view of the uniqueness of u on [0,T], the uniqueness of u on [0,T] is an 
immediate consequence, since u must satisfy the equation (13. 8p and hence be given by (13. 7p . 



4. Existence result 



In this section we characterize the first singularity time for a Kahler-Ricci flow solution 
on a general complex manifold. Recall the definition of Ut from (13. 4p . 

Theorem 4.1. Suppose that uq is a complete Kdhler metric on a complex manifold X , with 
bounded curvature. 

Let Ti be the supremum (possibly infinite) of the numbers T' so that there is a smooth 
solution for u in 5\) on the time interval [0,T'] such that 

(1) For each t & [0,T'], Ut + \f—lddu is a Kdhler metric which is biLipschitz equivalent 
to ujq and 

(2) For each k, the k-th covariant derivatives of u (with respect to the initial metric ujq) 
are uniformly bounded on [0,T']. 

Let T2 be the supremum (possibly infinite) of the numbers T for which there is a function 
Ft e C^iX) such that 

(3) Ut + —WOFt is a Kdhler metric which is biLipschitz equivalent to Uq and 

(4) For each k, the k-th covariant derivatives of Ft (with respect to the initial metric 
Uo) are uniformly bounded. 



Then Ti = T2. 
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Proof. If there is a solution for u in (13. 5p on a time interval [0,T'] satisfying (1) and (2) 
then we can take Ft' = u(T') to show that T2 > Ti. Thus it suffices to show that Ti > T2. 
That is, we need to show that if we can find a function Ft satisfying (3) and (4) then we 
can solve u in (13. 5p on the time interval [0, T) so that for each T' G [0, T), the restriction of 
the solution to [0,T'] satisfies (1) and (2). 

We know that there is a solution u for short time satisfying (1) and (2). Suppose initially 
that we have a solution on some time interval [0,T), with T < T, so that (1) and (2) are 
satisfied on subintervals [0, T'] C [0,T). Our goal is to derive uniform estimates for the 
solution u and Wf, i.e. to show that there are positive numbers C > 1 and {Ak}^^^ so that 
for all t G [0,T) and > 0, sup^.g^ \ V''u\{t,x) < A^. and C~^ujq <ujt< Cojq. 

Note: in what follows, C always stands for a positive constant, which might be different 
from place to place. 

We now give some equations derived from (13.51) . as in [26]. All of the inner products and 
Laplacians are computed using the metric Uf = Ut + \/—lddu. We also use the fact that 

(4.2) Am = Tr [u^^^^ddu) , 

where A stands for Laplacian operator with respect to the fiow metric Uf 
First, the t-derivative of (13. 5 p gives 

|(|)--(|)-'-(-Vo.R.cM))-|^ 
This implies that 

(4.4) I (e*|) = A (e*|) - Tr (^^-(.0 + Ric(u;o))) • 
Also, since 

(4.5) n = Tr [ui^Ut) = Tr {u^^Ut + V^ddu)) 

= Tr {iOt^i- Ric(u;o) + e~*(wo + Ric(wo))) + Am, 

we get 

(4.6) m[m^'')=^[m^'')'''~^' (^r'Ric(c^o)) . 

A linear combination of (14. 4p and (14. 6 p gives that for any T > 0, 

(4.7) I ((1 - e--)| + m) = A ((1 - e--)| + - n + Tr (^-c,) . 
(Equation (14. 6 p can be viewed as the limiting case of equation (14. 7p when T — )■ 00.) 
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Next, the t-derivative of (14. 3 p gives 



(4.8) I 



5t V 



-4 1 - 



+ e"* Tr (wt"^(a;o + RicK))) + e"* Tr 



(^0 + Ric(a;o)) ) + 



As 
(4.9) 



Trio;, —u, 



_ 

-159— -e-*(u;o + Ric(c^o)) 



Tr I 00. 



we obtain 
(4.10) 



di \W 
Its summation with (14. 3 p is 



A 



+ e~'TT{u-\ujo + Ric{ujo))) 



' dt 



dt 



(4.11) 



d / d'^u du 



A 



d'^u du 



d'^u du 
'W^dt 



dt^ 



dut 



dut 



dt 



dt 



By assumption the curvature is uniformly bounded on compact intervals of [0,T). Hence 
we can apply the maximum principle freely on such intervals. Applying it to (14. lip gives 

/ , . „x d'^u du ^ , 



where C = snp^^x (ft + §) (0,x). From f l^ . 



(4.13) ul 
Hence (I4.12p indicates the "essential decreasing" of the volume form along the flow, i.e. 

d f du 
di [di 



(4.14) 

Equivalently, | (e*§) < C, so 
(4.15) 

which implies that 
(4.16) 



u < Ce-K 



du 
di 



< Cte 



u<C. 



To get a lower bound on u, we use (14. 7p . We have a smooth bounded function Ft so that 
ut + ^/—IddFT is a Kahler metric. Then (14. 7p can be reformulated as 



(4.17) 



d_ 

di 



(1-e 



t-T 



du 



+ u-Fj 



A (1-e 



du 
"di 



u 



n+ 



+ Tr (w-^(wt + V^ddFr)) . 
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The maximum principle gives 

(4.18) (1 - e*-^)— + u-FT + nt>- sup Ft. 

ot 

Equations fl4.15p and f l4.18p imply a uniform lower bound for u on [0,T), of the form 

(4.19) u > -Cte-\l - e'-^) + Ft - sup Ft - nt. 

Also, equations fl4.16p and f l4.18p imply a uniform lower bound for ^ on [0,T), of the form 

du -C + Ft- sup Ft - nt 
^ ^ dt- 1 - e*-^ 

So far we have obtained 0-th order estimates for u and In order to get uniform higher 

order estimates (for u) on [0,T), we modify the background form ojt to make it a Kahler 
form. 

First, for any t G [0,T), one has 

'e-'-e-^\ /1-e-* 



(4.21) ut = ( ^ Wo + . _ _r ) wt- 



Putting 

(4.22) cl^t = f V'^^^ l ^0 + f ) (c^T + V-l99Fr) 



gives a Kahler form which, in fact, is uniformly Kahler for t G [0, T). If we put 

1 - e-* 



(4.23) v = u 

then from (lOB . and 



1-e- 



-T 



(4.24) a5t = + v^99m = Qt + y^ddv. 
The evolution equation for v is 

(4.25) - = log " — . "(0. •) = 0. 

The initial value for ^ is no longer zero, but this will not cause any problems. The extra 
term in the right-hand side of fl4.25p is also well controlled. The point is that equation 

f l4.25p is phrased in terms of a background metric ujt which is uniformly Kahler on [0,T). 
The 0-th order bounds on u and ^ imply 0-th order bounds on v and 

In the following, we sketch the argument to obtain the higher order estimates, which is 
fairly standard. 

We begin with an estimate on A^f . We use computations in [29] to derive an inequality 
for solutions of ( I4.25p . This inequality is closely related to to [H (1.5)], [261 (2-3)]) and [2] 
(15)]. 
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Lemma 4.26. Given a solution of \4.25\} , there is an inequality of the form 



— n+ 



(4.27) e^'^ (^A - (e-^^(n + A^,v)) >A^, (^log^^ - inf R^^-, 

(C + inf Riij],t)e ^=^{n + A^t;)^, 

where 

(4.28) n + Aq,v = Tr + y/^ddv)) = Tr (wt^^Wt) > 0, 

(4.29) n = e^^u^ 
and C is a constant that depends on t, uq and Ft- 

Proof. As in [29| Section 2], suppose that is a smooth solution of 

(4.30) {tu + v^Sa^)" = e^w", 

where a; is a Kahler metric on a Kahler manifold X and / is a smooth function. We have 
the following inequality at any point p E X: 

(4.31) e^'^A(e-^'^(n + A^0)) >A^f - inf - Cn{n + A^0) + 

F n 

{C + inf i?- ■)e-^^ (n + A^0) . 

Here Rufj comes from the curvature tensor for the metric u (written in terms of any unitary 
frame {cj}"^^), C is any (fixed) positive constant such that C + infj^j R{ifj > at j9, and A is 
the Laplacian with respect to w + a/ —Iddcj). We emphasize that this inequality is pointwise 
and the "inf" is taken at the point p. 

Now we consider the flow. Equation fl4.25p can be reformulated as 

(4.32) {ujt + ^ddvY = e^+'+'^^^cDr. 
From fOTj) . 

(4.33) e^'A{e-^^{n + A^,v)) >As, (^ + v + log— - M Rii^j,- 

{C + inf Rafi)e (n + A^^v) , 

where Riifj^t is computed using the metric cDt, C is a positive constant such that C + 
inf Riifi,t > and A is the Laplacain with respect to the flow metric Qt + \/—lddv. Next, 
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one computes that 

(4.34) e^'^ (^-|) {e'^^{n + A^,^;)) =C^{n + A^.^;) - + A^,^;) 

=C-{n + ^^,v) - - Tr [ui'^ddv) 



-C^{n + A,,.) + Tr (or'^u^'V^ddv ] - 



Adding (03]) and flCTj) gives 

(4.35) e^^ (^A - (e-^'^(n + A^^v)) >A^, " jjj ^^^i^^* " ^+ 

Tr (cD-^^cDr^v^aa.) + 

(C + inf i?-j^t)e (n + A^2,w)"-i. 

Since ^ is relatively bounded with respect to u)t, equation fl4.28p implies that 

(4.36) Tr (Q;^^Q^^v^ddv^ > -C(n + A^i^) - C 
for some C > 0. Hence after a redefinition of C, we have 

(4.37) e^" (a - {e-'^'^n + A^t;)) >A^, - mf Riijlt - C+ 

C-^-C 1 (n + Asv) + 



dt 



(C + inf ,)e -1 (n + Agt;)"-i. 

This proves the lemma. □ 

Using Lemma [4.261 and the 0-th order bounds on v and along with the uniform control 
on Ut as a metric, we conclude that there is an estimate of the form 

(4.38) (^A - (e-^^(n + A^.i;)) > -C + {c^ - {n + A^^v) + C{n + A^,?;)^ 

> -C - C(n + A^^v) + C(n + A^,v)^K 

The maximum principle now gives an a priori upper bound for e~'"^(n + Aq^v), and hence 
also for {n + A^^f ). 
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This Laplacian upper bound gives a trace upper bound on ut, relative to Ut, from f l4.24p . 
There is also a determinant lower bound on Ut relative to cD^, coming from fl4.32p . where we 
use the lower bounds on v and f . This gives a uniform bound on Wt, relative to ujt- 

Next, we look at third order estimates. Following [1] and [29], we consider the expression 
S = g^-^'g''''g^^ViixVjf.f^, where is the metric tensor corresponding to Uf As in [H Section 
5.3], there are estimates of the form 



Choosing A > large enough, as in |1| (1.25)] and [4, (5.17)], there is an estimate of the 
form 



Applying the maximum principle and using the uniform control on Aq^v, we obtain an a 
priori upper bound on S. This provides a spatial C^'"-bound for v and a C"-bound for the 
metric coefficients of Uf 

One can then obtain further derivative bounds (cf. jH Section 5.4]) and apply parabolic 
Schauder estimates (cf. [H Section 5.5]). In this way, one obtains a priori estimates on all 
of the derivatives of v. These imply the desired derivative estimates on u. 

To summarize, we assumed that we have a solution of (13. 5p on a time interval [0, T), with 
T < T, so that conditions (1) and (2) are satisfied on compact subintervals of [0,T). Then 
we have shown that there are numbers C > 1 and {AfcjfcLo so that for all t G [0,T) and 
X G X, we have \V''u\{t,x) < and C^^Uq <(jJt< Cuq. 

Let be a sequence in [0,T) with Imvi^ooti = T. We can extract a subsequence 

of {M(ti,-)}i^i that converges in the pointed C°^-topology to some Mf(-) G C°°{X). Now 
Uf is uniformly bounded on X, along with its covariant derivatives (with respect to uq). 
From fl4.13p . it follows that Uf + \/—ldduoo is Kahler and biLipschitz to Uq, with bounded 
curvature. Hence we can solve the equation in (13. 5p to get a solution U on a time interval 
[T,T + e) with initial condition U{T) = Uf. One then shows that the solutions u(-), on 
[0,T), and ?/(•), on [T,T + e), join to form a smooth solution of (13. 5p on [0,T + e), which 
satisfies conditions (1) and (2) on compact subintervals. It follows that there is a solution 
of (13. 5p on [0, T) so that for each T' G [0, T), the restriction of the solution to [0, T'] satisfies 
conditions (1) and (2). This finishes the proof. □ 



In this section we prove a long-time convergence result for the normalized Kahler-Ricci 
flow equation, under the assumption that the initial metric satisfies an inequality of the 
form — Ric(a;o) + y/—Tddf > euo for some bounded function / and some positive constant e. 
We show that the solution smoothly approaches a complete Kahler-Einstein metric, having 



(4.39) 




(4.40) 
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Einstein constant —1. This result can be seen as a generalization of results in [T], [26] 
concerning Kahler-Ricci flow solutions on compact manifolds. It is also a generalization of 
[U Theorem 1.1], which proves the same conclusion under the assumption that — Ric(cjo) + 
a/^(9(9/ = Wo- 



Theorem 5.1. 1. Suppose that uq is a complete Kdhler metric on a complex manifold X , 
with hounded curvature, such that — Ric(a;o) + \/—lddf > for some smooth function f 
with bounded k-th covariant derivatives (with respect to ujq) for each k > 0. Then the flow 
^3.^) ( or equivalently l{3. 5\) ) exists forever. 

2. Suppose in addition that — Ric(a;o) + ^/—Iddf > euo for some e > 0. Then the flow 
/ 1 5*. ^)) (or equivalently liS. 5\) ) converges smoothly to a complete Kdhler- Einstein metric with 
Einstein constant —1. 

Proof. Suppose first that — Ric(u;o) + yj—lddf > 0. Then 

(5.2) ujt+{l- e-') V^ddf = c-'loq + (l - e"*) (- Ric(wo) + V^ddf) > e-'ujo. 
From Theorem 14. 1^ the flow (13. 2p exists forever. 

Now suppose that — Ric(co'o) + y/~lddf > ecoQ. To prove the long-time convergence, we 
need estimates that are uniform in time. The upper bounds on u and ^ from (I4.16P and 
(I4.15P are uniform for all time. For the lower bound, we use the following variation on (14. 6p : 

(5.3) ^ + u - = A (^^ + n - - n + Tr {u-\-Ricicoo) + V^ddf)) . 
Now 

(5.4) Tr (^-(-Ric(c.o) + ^Wdf)) > n ■ ^ ^"^^^^"^^ + V^ddfr ' 



> n ■ 



nee « 



so (15. 3p gives 

(5.5) I (^^ + « - > A + « - - n + ne e-^ e-^(t+-/). 

Putting Y{t) = infa;gx + ^ ^ /) i^i'^)-, we can apply the maximum principle to (15. 5p 
to conclude that Y{t) is bounded below by the solution c(t) to the ordinary differential 
equation 

^\ dc sup / _C_ 

(o.Dj — = —n + nee « e " 

with initial condition c(0) = V(0). It follows that there is a lower bound 

(5.7) | + «>-C 

which is uniform in t. When combined with the upper bounds on u and equation (15. 7p 
provides uniform lower bounds for u and 
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As in the proof of Theorem 14.11 we now transform the flow equation in order to prove the 
higher order estimates. Putting 

(5.8) Qt = e-'ujo + (1 - e-*) (-Ric(wo) + V^ddf) , 
we have 

(5.9) LOt > {e-' + eil - e-')) too, 
so the family {u}t}t>o is uniformly Kahler. Next, putting 

(5.10) w = M - (1 - e"*)/, 
we can write 

(5.11) ut = uit + y/^ddu = Ut + V^ddw. 
Then the flow equation (13. 5 p becomes 

(5.12) — = log w- f, w{0, ■) = 0. 

We can use this equation to find higher order estimates on u, as in the proof of Theorem 
14.11 Note that the background metric Ut is uniformly Kahler and from (15. 8p . it is uniformly 
bounded above. Hence the higher order estimates will also be uniform in time. So we have 
achieved uniform estimates on u for all time. 

We now justify the convergence. Using the uniform bounds that we have obtained so far, 
equation (14. 3 p implies an inequality of the form 

From the maximum principle, e*^ + Ct > and so 

(5.14) ^ > -Cte-'. 
^ ^ dt - 

Combining (I4.15P and (I5.14p . we conclude that \imt^oou{x,t) = Uoo{x) for some function 
Moo on X. Using the uniform higher order bounds on u{t), one sees that there is uniform 
C^-convergence of u(t) toward Uoo for any > 0. Taking the limit of ( 13. 2p as t — )■ oo shows 
that the limiting Kahler metric ojoo = — Ric(ci;o) + y/—Tdduoo satisfies Ric(a;oo) = — i^oo- 
Also, Uoo is biLipschitz equivalent to ojq; see the discussion after (14.381) and note that 

(5.15) Woo = (- Ric(a;o) + V^ddf) + V^ddiu^o - /)• 

Thus Uoo is complete. □ 

For an example of Theorem 15.11 see Example 16.181 
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6. Standard spatial asymptotics 

In this section we begin to specify the spatial asymptotics that we want to consider. 
The goal is to come up with the widest class of spatial asymptotics which is preserved by 
the Ricci flow, and for which we can prove something nontrivial. We introduce the notion 
of "standard" spatial asymptotics for a Kahler metric ux on a quasiprojective manifold 
X = X — D. Assuming standard spatial asymptotics, we prove some properties of the 
extension of ux by zero to X. As an example of standard spatial asymptotics, in the case 
when + -D] > 0, we show how to recover the Kahler-Einstein metric on X [161 1211 127] 
using the Kahler- Ricci flow, via Theorem 15. II or |H Theorem 1.1]. 

In the next section we will show that the property of having standard spatial asymptotics 
is preserved by Ricci flow. In Section [H] we will consider a refinement called "superstandard" 
spatial asymptotics. 

Suppose that X is a compact n-dimensional complex manifold and D is an effective divisor 
with simple normal crossings. Put X = X — D. Let D = Yli=i be the decomposition of D 
into its irreducible components. Let Lj be the holomorphic line bundle on X corresponding 
to A. Put Ld = <S)ti Li- 
Let hi^ be a Hermitian metric on Li. There is a holomorphic section cTj of Li whose 
zero-set is Di, unique up to multiplication by a nonzero complex number. The section ai is 
nondegenerate along pT| Theorem 11.(6.6)]. That is, the restriction of the bundle map 
V^'CTj : TX — )■ Li to Di factors through an isomorphism TX/TDi — )■ Li\j^ . 

Given a multi-index / = {ii, . . . put Dj = HJli-^jj- W^e write |/| = m. Put 
jjint — _ |J^,.|^,|^^ Dji. Then Z)}"* is a smooth complex manifold of complex dimension 
n — m, possibly noncompact. 

Let A denote the open unit ball in C. Put A* = A - {0} and H = {z e C : lm{z) > 0}. 
There is a holomorphic covering map vr : if — A* given by tt{z) = e*^. Suppose that 
X G D™*. After permutation of indices, we can assume that x G {Di Ci D2 Ci . . . Ci D^) — 
{Dm+i U Dm+2 U . . . U Dk). We write for (0, . . . , 0) G A". Then there is a neighborhood 
U of X in X and a biholomorphic map : A" — > [/ so that 

(1) For i > m, U n Di = 0. 

(2) F^(0) = X. 

(3) For 1 < i < m, Fj(A^-i x {0} x A""^) = [/ n A- 

(4) For 1 < i < m, \\ ai{F-^{z)) |||^= hi\z^\'^ for some positive function hi G C°^(A"). 

In particular, Fj;{{A*)"^ x A"^™) = f/flX. Passing to the universal cover gives a holomor- 
phic covering map : if™ x A"^™" — )■ f/ fl X. 

The map on A""™, given by Gx{w) = F-^{0,w), is a biholomorphic map from A""™' 
to a neighborhood of x in i?}"*. 

Let Ux be a Kahler metric on X. Then F^ux is a Kahler metric on if™ x A""™ which 
is invariant under translation in the if^-factor by 27rZ™. Given r G (M^)™, define a biholo- 
morphic map ar '■ H"^ — )■ ii™ by ar(^i, • • • , hm) = {rihi, . . . ,rmhm)- If Z is an auxiliary 
space then we will also write Or for [ar, Id) : H"^ x Z — )■ ii™ x Z. 
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Definition 6.1. Let {w^,™*} be complete Kiihler metrics on {D}"*}. Let {ci}^i be positive 
numbers. Then ux has standard spatial asymptotics associated to {w^int} and {q}™]^ if for 
every x G X and every local parametrization F^, 



"1 

m 



6.2 hm a^Fj^wx = > Ci— — — — — ^ + G3^^.ni, 

r^oo 2 Imz r 

i=l ^ \ // 

where lim^^oo means that — cxd for each 1 < i < m. The limit in fl6.2p is taken in the 
pointed C°°-topology around the basepoint (v^— T, . . . , a/— T) x G x A*^""*. 

Definition 6.3. Let {uj^int} be smooth functions on {D}"*}. Then a function ux G C°°(X) 
has standard spatial asymptotics associated to {w^mt} if for every x G X and every local 
parametrization F-^ 

(6.4) lim a^F^ux = G^UDim, 

r—^oo -f 

where lim^^oo means that — )■ cxd for each 1 < i < m. The limit in (16. 2p is taken in the 
pointed C°°-topology around the basepoint (a/— T, . . . , v^— T) x G H"^ x A"'"™'. 



Remark 6.5. Note that if U is any neighborhood of (a/— 1, . . . , v—T) £ -f^™' then for some 
Ku > 0, Ur>i "^(^) contains {z G C™ : 3fJ(2*) G [0, 27i], lm{z') > Ku for 1 < i < m}. 

Theorem 6.6. If ujx has standard spatial asymptotics then 

(1) Ux extends by zero to an element [u)x] G H''^'"^''(X; R). 

(2) For any < j < n, u'^x extends to an element of}l^^'^\X]M) which equals [ujx]^ ■ 

(3) Ric(u;x) extends by zero to an element [Ric(u;x)] G H*-^'^'*(X; M) which equals — [K^+ 
D]. 

(4) [ijJx] li^s in the Kdhler cone of X. 

Proof. (1). We use results from [TTl Chapter 3]. From Definition 16. the Kahler metric 
F^ux is uniformly biLipshitz equivalent to 2^r^Y.T=i Q i^^ptg^ff |-2) +<^^gr' (^*)™ ^ 
A"""™. It follows that Ux, considered as a current on X, has locally finite mass in the sense of 
[TTl Remark 111.(1.15)]. From the Skoda-El Mir extension theorem [TTl Theorem 111.(2.3)], 
ojx extends to a closed current on X and hence a class [ux] G H^^'^'*(X; M). 
(2). The same argument as in part (1) shows that w;^ extends to an element [w^] G 
The extension of ux to X has no singular support. Also, oj^x is on X, so it 
is plausible that [w^] = [ujx]-' ■ 

To see this, let g-x be a Kahler metric on X. Let A*^-''-'^ denote the (nonnegative) Hodge 
Laplacian on Vl'^^'^\X) associated to the Kahler form uj^. For small e > 0, the Schwartz 

kernel e"'^'^ ^'^ {x, y) is well approximated by (47re)~" e Px,y, where P^^y denotes par- 

allel transport from A^''''''' to Ai'''-''' along a minimal geodesic from y to x (In what follows, 
we can assume that x is not in the cut locus of y.) 

For any e > 0, e~^^'^'^'aJx is a smooth closed form on X whose cohomology class equals 
\uJx\ £ II*-^'"'^'(X; M). Hence ^e~'^^'^'^'aJx j represents [wx]''? while e"^^^^"''^;^ represents 
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[uj''x]- III particular, for any smooth closed form a G fi*-" ^\X), we have 

(6.7) j^K] A \a] = lim (e-^^^'^^c^) Aa = Jim J^c.^ A (e-^^'-^'^^'a) = ^ a;^ 

On the other hand, 

(6.8) [jcoxy A [a] 

Jx 

We claim that there is L^-convergence 

(6.9) lim(e-^^'"'a;x)'=c^i. 

If not then there is a sequence {Ok}'^^i of nonempty open subsets of X, with diam(Ofc) < |, 
so that for each k we do not have L ^-convergence in ( 16. 9p on Ofc. After passing to a 
subsequence, we can assume that there is some x G X so that limfc_j.oo = {x} in the 
Hausdorff topology. Choose a biholomorphic map Fj. : A" — i- t/ as before with G^(A"~™) = 
Fx{0, A""'") c D}"*. The standard asymptotics from Definition 16.11 control ux on U. In 
particular, as (2;^ . . . , 2;™) 0, F|c<;x approaches 2v^E^i ^» i^'ptg^ffi-") + ^^^^^r*' 
Combining with the uniform heat kernel asymptotics of e^^^'^'^' on U, one sees that there 
is some i^' > so that for any k > K, there is L^-convergence in (16.91) on Ok- This is a 
contradiction. 

It follows that 

(6.10) lim / (^e-^^'''"a;x)^ Aa = f A a. 
Thus [uj{] = [iOxY in H(^'^')(X; R). 

(3) . The same argument as in part (1) shows that Ric{ujx) extends to an element [Ric(a;x)] G 

H^^'^VX; R). From the asymptotics in Definition 16.11 t-t — ; — on — extends to a contin- 
^ ' ^ ^ — ' n-=ik»li,iog'(k.li,') 

uous Hermitian metric hx^^ on Kj^. Now hx^^®!^'^^^ h^- is a Hermitian metric on K^^Ld 

and on X, there is an equality of currents: 

k k 

(6.11) Ric(a;x) = -y/^F{hK^) = -v^F(/i^_® (g) /i^J + v^SSj^loglog'dor.lzf). 

i=l i=l 

The extension by zero of y/^dd Yl\=i loglog^d'^ilZf) to X is a closed (1, l)-current which is 
the image under of X^iLi loglog^d^ilZf ) ^ L'^iX). Hence [\f--^ddY^\^^\og\o^{\ai\2^^)] 

vanishes in H(^'^)(X;M) and so [Ric(wx)] = -2ti[Kx + D]. 

(4) . Let uj-x be an arbitrary smooth Kahler form on X. From [T2l Theorem 4.2], it suffices 
to show that /y[i^x]^ "' ['^^l"' > irreducible analytic sets Y and all < j < p, where 
dime Y = p. 

For any e > 0, jyi^xY'^i^x]^ = Iy^^^ ^ (^e-^^*''''u;^) . Suppose first that Y <^ D. 
Then Y — D is dense in Y. By taking e small and using the asymptotics in Definition 16. li 
it follows that /y[i^x]^""' ['^x]"' — Iy^^'^ ^ > 0- Now suppose that Y C Dj and is 



lim 

e-S>0 



cjx A a. 
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minimal with respect to this property. For x G D}"*, let i?* : Ax'^^X — Ax'^^D]^*^ be the 
pullback map. Using the asymptotics in Definition 16. if x G -D}"* then 

(6.12) 

limi?: ((e-^^^'^'ci) (x)) = lim^i?: (e"^^"'^' (x, dvol^(y) 

= lim / {47re)-'' e-'-'^RlPx,yu'xiy) dvol^lz/) = uj'^^M- 

It follows that jy[uJxf-^[u:x]' = Jy ' ^ ^dj- > °- ° 

Remark 6.13. Part (2) of Theorem 16.61 has a more direct proof if ux has superstandard 
spatial asymptotics in the sense of Definition 18.101 below. Part (3) of Theorem 16.61 also 
follows from [T9', §1]. 

Example 6.14. Let uj^ be a Kahler metric on X. Given positive numbers {cjjjL^, define 
a (1, l)-form on X by 

k 

(6.15) Ux = ~ V—^dd Cj log log^ | a, 



-2 



i=l 

k 

Ux - 2V-1 .Ta' + 2v^^Q , ,"T A 



Ejti Ci log 




-2 


log 


0-i 


-2 



i=l 



Slog 




1-2 


log| 




-2 



Slog 




1-2 

\l. 


log| 




-2 



Now cD = u^ + 2\/^ 1 Ci-—^r-T=T- A , 'Ifa' is a Kahler metric on X. For any e > 0, 

X V ^1 = 1 log <7i^" log k» L 

if the Hermitian metrics h^. are multiplied by a sufficiently small constant then 

^ / — "^S VfLi Cj log I cTj 1 7^ ^ 
(6.16) -eu< 2v^ ' < eC. 

Hence by rescaling the Hermitian metrics, we can achieve that ux defines a Kahler metric 
on X. 



One can check that ux has standard spatial asymptotics. To describe u^int, suppose that 
Dj = njli ^ij- After permuting indices, we can assume that = Di n D2 H . . . H Dm- 
Then 

k 

(6.17) UJ^^nt=Ux - V-idd Ciloglog^ |ai|7^ 

^ i=m+l 

where the last computation is performed on D}"*. 

Example 6.18. Suppose that X is a compact Kahler manifold, D is an effective divisor 
in X with simple normal crossings and \K-x + -D] > 0. We use the Kahler-Ricci flow and 
Theorem 15.11 or [4, Theorem 1.1], to construct the Kahler-Einstein metric on X = X — D 
which is known to exist from [TOl [Ml ■ 

The flrst step, as in IMl |27], is to construct a 0-th order approximation to the Kahler- 
Einstein metric using an idea of Carlson-Griffiths [3l Proposition 2.1]. Namely, since [-ft'x + 
D\ > 0, we can find a Hermitian metric hK—i^Lo K^® Lr, so that ^/^^F{hK—®LD) > 0- 
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X 



-lF{hK—(^Lo)- Now perform the construction of Example 16.141 with Ci = C2 



Fix cj-^ 

. . . = Cfc = 1 to get a Kahler metric ux on X, with corresponding Hermitian metric hxx 
on Kx- The construction also produces a Hermitian metric on L^. This, along with 



hK—(^Lui gives a Hermitian metric /i^-— on K^- Then 



(6.19) 



— Kic{ujx) + \/— T(9(?log 



/I 



1=1 \^i\L, 



log^ 



CT. 



on X. From the standard spatial asymptotics, log 



hK^Y\Ll\<^^\l,Ww,\l; 



Ux 



has bounded covari- 



ant derivatives (with respect to oJx)- We can now apply Theorem 15.11 or jH Theorem 1.1] 
to Ux- 

However, to be more general, suppose that /i is any smooth function on X so that 

(1) /i has bounded covariant derivatives (with respect to ux) and 

(2) Ux + \/—lddfi is a Kahler metric which is biLipschitz equivalent to cox- 

Then 

- mc{ux + V^ddfi) + 



(6.20) 




ujxhx^ 



Putting 
(6.21) 



/ = log 



=1 i^iii, 



log \a, 



-2 



x'I'Kx 



{ujx + v^dd^rhK^uli log' ia,iz: 



Theorem 15.11 or [H Theorem 1.1], implies that the normalized Kahler-Ricci flow starting 
with the initial metric uq = ujx + V—^ddfi converges to a complete Kahler-Einstein metric 
on X with Einstein constant —1. (Such a metric is necessarily unique.) From the evolution 
formulas for the volume and scalar curvature under Ricci flow, one easily shows that the 
Kahler-Einstein metric has finite volume. In the case of complex dimension one, we recover 
some of the results of 



7. Preservation of standard spatial asymptotics 



In this section we show that the property of having standard spatial asymptotics is pre- 
served by the Kahler-Ricci flow. We use this to give an upper bound on the singularity time 



T- 

sing • 



Theorem 7.1. Suppose thatujx{0) has standard spatial asymptotics associated to {c<;£)mt(0)} 
and {ci}f^^. Suppose that the normalized Kahler-Ricci flow ux(t), with initial Kahler form 



ux{0), exists on a maximal time interval [0,T) in the sense of Theorem \4.1 . Then for all 
t G [0,T), (jJx(t) has standard asymptotics associated to {ujj~,int(t)} and {1 + (q — l)e^*}f^ 
where uj^int[t) is a normalized Kahler-Ricci flow solution on D}"* with initial Kahler- f 



l! 

orm 



(0). 
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Proof. Suppose first that D is a smooth divisor C with a trivial holomorphic normal bundle. 
Then there is a biholomorphic map F : A x C ^ V to a neighborhood V of C, with F 

restricting to the identity map from |0| x C to C G V. The restriction F : A* x C — )■ 

_ A*xC 

V n X has a lift to a holomorphic covering map F:HxC^Vr\X. Suppose that the 
conclusion of the theorem is not true. Then for some t' G [0,T) and some e > 0, there 
is a sequence rj — )• oo so that each a*^F*LL!x(t') has distance at least e from (1 + (ci — 

l)e"*')^^^7^4n^ + wc(t') in the pointed C°°-topology. (We use basepoint {v^^} x cq for 



2 (Im(2i))2 

some arbitrary cq G C.) 

From our assumptions, there is a uniform positive lower bound on the injectivity radius of 
F*ux{0) at ({a/^} x cq) or, equivalently, of a*F*uJx{0) at {a/^} x cq. By Hamilton's 
compactness theorem [T^, after passing to a subsequence, there is a pointed limit 

(7.2) lim (ff X C, {v^} X co,a*F*uJx{t)) = {H x C, {V^} x co,uj^{t)) 

for some normalized Ricci flow solution u)oo{t) on H x C that exists for t G [0,T), with 
bounded curvature on compact time intervals. (Note that in taking the limit we do not 
have to perform diffeomorphisms. Note also that the metric al..F*ujx{t) on H x C is not 
complete, but nevertheless we can apply Ricci flow compactness to get the complete limiting 
metric ci;oo(^)-) Also by assumption, limj_5.oo a*^.F*ci;x(0) = ci (im{2?))'^ +i^c(0). From the 
uniqueness of Ricci flow solutions with bounded curvature on compact time intervals [5], it 
follows that uJooit') = (1 + (ci — 1 ) e~*' ) {vm{z^)^ + ^c{t')-, where uJc{-) is a normalized 
Ricci flow solution on C. This is a contradiction, thereby proving the theorem in this special 
case. 

We now discuss the case when D is a smooth divisor C but its holomorphic normal bundle 
need not be trivial. In this case we may not be able to use the covering space argument 
from before; for example, if is a tubular neighborhood of C then V — C may be simply 
connected and we cannot increase the injectivity radius by passing to a cover. On the 
other hand, in some sense this problem is irrelevant, since we can localize the argument and 
parametrize a neighborhood f/cXofxGCbya holomorphic map F-^ : A" — > X with 
Fx{Q) = X and Fx{{0} x A""^) C C. Then we can consider the puUback metric F^u)x{t) on 
the cover H x A"^^ of A* x A"~^ and try to run the previous argument. However, there is 
a new problem because the limiting metric on H x A""^ would not be complete, whereas 
the uniqueness results are for complete metrics. Again, this problem is somewhat irrelevant, 
since we should be able to patch together the local parametrizations F-^ : A" — )• X as x 
varies over C and thereby effectively pass to the setting of complete metrics. To do so, it is 
convenient to use the language of etale groupoids. We use the notion of a Ricci flow on an 
etale groupoid, as explained in [17, Section 5] and [HI Section 3]. 

Let us first reformulate the earlier setting, when the holomorphic normal bundle is 
trivial, in terms of etale groupoids. Let denote translation in by f G ffi. Then 
It follows that a*F*a;x(0) is invariant under translation by 27rr ^Z. 
Then \im.r^^alF^uJx{^) = "^^(I^J(^t^ + i^c(O), where the right-hand side is invariant 
under translation by limr-^oo 27rr^^Z = on H. Here denotes the group M with the 
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discrete topology. Equivalently, the pointed limit 

(7.3) lim (x,F{ariV^),co),ux{0)) = lim (A* x C, (7r(a,(v^)), cq), F*a;x(0)) 

exists as a pointed Riemannian groupoid, whose underlying etale groupoid is the cross- 
product groupoid {H x C) x M^, with the Kahler form on the space of units H x C be- 
ing Ci (im(z^y ^ci^)- Then the normalized Kahler- Ricci flow solution on the etale 
groupoid is given by the M^-invariant normalized Kahler- Ricci flow solution ((1 + (ci — 
+ ^c{t) on the space of units H xC. 

In the case when the holomorphic normal bundle of C is not trivial, we take x E C and 
choose a local parametrization F-^ : A" — )■ X with -F^(O) = x and F^({0} x A""^) C C. 

Then the pointed limit limr_s>oo (^X, F^ictriV , 0), iX'x(O) j exists as a pointed Riemannian 
groupoid, whose underlying etale groupoid is the cross-product groupoid {H x C) x R^, 
with the Kahler form on the space of units H x C being ci (imll'^y + '^c(O). Again, 
the normalized Kahler- Ricci flow solution on the etale groupoid is given by the M^-invariant 
normalized Kahler-Ricci flow solution ((1 + (ci — l)e~*)) (im^z^oP ~'~ ^'^^^^ space of 

units H X C, where wc(') is a normalized Kahler-Ricci flow solution on C. 

Now the uniqueness argument of [5] extends to Ricci flow solutions on etale groupoids. 
Along with the compactness result for Ricci flow solutions on etale groupoids (TTj Theorem 
1.4], we can prove the theorem using a contradiction argument as before. 

Finally, in the case of general D, suppose that x G D}"*. Let F-^ : A" — )■ f/ be the holomor- 
phic parametrization near x. Then the pointed limit limr_s.oo (^X, -^x(ar(v^— • • • , ^/— T), 0), a;x(0) 
exists as a pointed Riemannian groupoid, whose underlying etale groupoid is the cross- 
product groupoid (if™ x D}"*) x M™, with the Kahler form on the space of units H"^ x D}"^ 

being Yl^i + Ujjint(0). The normalized Kahler-Ricci flow solution on the etale 

groupoid is given by the M^-invariant normalized Kahler-Ricci flow solution Y^iLiii^ + 
(cj — 1 ) e~* ) ) (im(z%'^ ^D\^^{'^) oil the space of units H'^ x Df^, where u^nt(t) is a 
complete normalized Kahler-Ricci flow solution on D}"*. The theorem now follows from a 
contradiction argument as before. □ 

Remark 7.4. It follows that under the hypotheses of Theorem 17.11 the normalized Kahler- 
Ricci flow exists on each D}"* for a time interval of at least [0,T), with bounded curvature 
on compact subintervals of [0,T). Note in this regard that Theorem 11.11 is consistent with 
passing to the divisor, in the sense that {Ky + -^Dj) I/) = ^Dj, and if c is a Kahler class 
on X then its pullback to Dj is a Kahler class on Dj. 

Remark 7.5. Continuing with the previous remark, the divisor D is itself a complex space 
in the sense of [U] Section II. 5]. This suggests that one should be able to extend the 
results of this paper from the setting of pairs (X, D) to the setting of complex spaces Y, or 
some class thereof. For example, a standard Kahler metric on such a complex space would 
consist of complete Kahler metrics on the strata Yj — Yj^i of Y having "standard" spatial 
asymptotics as one approaches (in Yj) a substratum of Yj. 
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Corollary 7.6. Let u^'nt^t) E C°°{Df^) be the time-t solution of ( TO]) on Df\ Then the 
time-t solution ux(t) G C°^(X) of 1^3. 5\} on X has standard spatial asymptotics associated to 
{const. /(t) + u^int[t)} , where const. /(t) is spatially constant and only depends on the time 
t. 

Proof. This follows from (13.71) and Theorem 17.11 □ 

Corollary 7.7. Suppose thatu)x{0) has standard spatial asymptotics associated to {u;£)int(0)} 
and {ci}f^i. Let Ti and T2 be the same as in Theorem 4-i 



Let T3 be the supremum (possibly infinite) of the numbers T' so that there is a smooth 
solution for u in ^3. 5]) on the time interval [0, T'] such that ut + yj—lddu is a Kdhler metric 
with standard spatial asymptotics associated to {uj£)int{t)} and {(1 + (q — l)e~*)}^^]^. 

Let T4 be the supremum (possibly infinite) of the numbers T for which there is a function 
Ft € C°^{X), with standard spatial asymptotics associated to {■u^mt(T)}, such that ujt + 
\/—lddFT is a Kdhler metric . 

Then Ti = T2 = T3 = T4. 

Proof. This follows from Theorem 14.11 and Corollary 17.61 □ 



Corollary 7.8. Under the hypotheses of Theorem 7.1, the maximal existence time T^mg G 
(0, 00] of the normalized Kdhler-Ricci flow on X is bounded above by 

(7.9) sup{t G : e"*[wx(0)] + 27r(l - e-^Kj^ + D] lies m the Kdhler cone ofX}. 
Proof. Suppose that T' < Tging. From Theorem 16.61 and the normalized Ricci flow equation, 

(7.10) |[^^(^)] = ^^[Kx + D] - Mt)] 
in H(^'1)(X;M). Thus 

(7.11) [uxiT')] = e-^'[uxm + 27r(l - e-^^'^Kj^ + D]. 



Also from Theorem 16. 6 [ [^^(T")] is a Kahler class on X. The corollary follows. □ 



8. SUPERSTANDARD SPATIAL ASYMPTOTICS 



In this section we introduce the notion of superstandard spatial asymptotics. We show 
that having this property is preserved under the Ricci flow. We then prove the first part of 
Theorem 11.11 

We first prove a lemma regarding the singular support of the 55-operator applied to 
certain functions. In general, if X = X — D and J G C°^(X), let J be a measurable 
extension of J to X. Suppose that J G L^{X). Note that since D has measure zero, this 
element of L^{X) is independent of the particular measurable extension of J to X that we 
choose. For concreteness, we will use the extension by zero. 

Consider the form y/—lddJ G QS^'^\X) on X. If it has finite mass then we can extend 
it by zero to X, to obtain the current \/—lddJ. Or we could consider the (1, l)-current 
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\/—lddJ on X. These two currents do not have to be the same. For example, if X = 
and D = pt, suppose that J G C°°(S'^ — pt) equals log \z\ in a neighborhood of pt = {0}. 
Then \/—lddJ has no singular support on S'^ and represents a nonzero class in H^(S'^;M), 
whereas the current ^/—IddJ has singular support at pt and vanishes in 13^(5*^; R). 

The next lemma gives a sufficient condition on J for the two extensions to agree on X. 

Lemma 8.1. Let oj^ be a smooth Kdhler form on X. Given J G C°^(X), suppose that 
I J(x)| = o(log]^^^^ Ic^ilZf) as X ^ D. Suppose that yJ—lddJ has locally finite mass on X 
and there is some C > so that when restricted to X d X , 

(8.2) ^/^ddJ > -CiOx- 

If J denotes the extension of J by zero to X then the current yJ—lddJ on X equals \/—lddJ, 
the extension by zero of the current y/—lddJ on X . 



Proof For e,e' > 0, define J,,^' G C°°(X) by 



(8.3) 



Je,e'{x) = J{x) + e^\ai 



'logJI 



i=l 



1=1 



If e' > then J^^^' is bounded above on X. Using (18. 2p . for any e' > we can find 
e = e(e') > and a neighborhood U^> of D so that J^.e' is plurisubharmonic on Ue' — D. 
From [TT| Theorem 1.(5.24)], there is an extension Je,e' of J^^ti to X which is plurisubharmonic 
on U^i. Now a/— l(9(9Je,e' is a (1, l)-current on X which is smooth on X — D. From [TT| 
Theorem 1.(5.8)], y/^ddJe^e' is nonnegative on U^', and in particular is measurable. 



Let ^/^^^J^^e' denote the extension by zero, to X, of the current y/^^ddJ^^^i on X. As 
in the proof of part (1) of Theorem 16.61 



-IddJ^^^i is a closed (1, l)-current on X. Putting 



(8.4) T,,,, = V^59J,,,/ - V^59J,,,/ 

gives a closed nonnegative measurable current which is supported on D. Now 

k 



1.5) 



-IddJ 



-IddJ 



i=l 



D 



as currents on X. Since e' was an arbitrary positive number, it follows that \/—lddJ — 
\/—lddJ is a closed nonnegative measurable current which is supported on D. 



By [m Corollary 111.(2.14)], y/^ddJ — \/—lddJ = Yl^=i'^i^Di for some nonnegative 
constants {q}^^^. However, it is easy to show that if Cj is nonzero then J has a logarithmic 
singularity near Di, see the Green- Riesz formula [H], Proposition I. (4.22a)] and pTl Example 
111.(6.9)]. This contradicts the assumption on J. □ 



To motivate the definition of superstandard spatial asymptotics, we ffist prove a result 
about the Ricci curvature of a metric with standard spatial asymptotics. 
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Lemma 8.6. If ux has standard spatial asymptotics then we can write 
(8.7) Ric{ux) =V^- - J]loglog2 + H' 



1=1 



on X , where 



• r]^ is a smooth closed (1, l)-form on X with [77^ = —[Kj^ + D], and 

• H' e C°^(X) nL°°(x). 

Proof. Choose a Hermitian metric Hk^Ld ® ^d- Along with Hermitian metrics 

{^L }i=i on {Li}f^^, we obtain a Hermitian metric hx— on Kj^. Then 
(8.8) " " 

/ / / o n ^A'— TTi-i r log^ |0"j|7^ 

mciuJx) = -V^FihK^Ln)-V^dd[-J2^og\og'\a,\l^ + hg^^'-'' 



on X. Put rj^ = —\^^F{hK—(^Lr,) H' = log — — - — r — By the standard 

spatial asymptotics, H' G L°°(X). The lemma follows. □ 

Remark 8.9. It follows from elliptic estimates that for each > 0, the function H' has 
uniform bounds on its fc-th covariant derivatives; see the end of the proof of Theorem 18.191 

Recall that Definition 16.11 of standard asymptotics involves some parameters {q}^^^. 

Definition 8.10. A Kahler metric ux on X has superstandard spatial asymptotics if it has 
standard spatial asymptotics and one can write 

(8.11) ux=nj^- V^dd [Y, log log' l^x.lzf + H 



where 



• rfj^ is a smooth closed (1, l)-form on X, 

• hi^is a, Hermitian metric on the line bundle Lj and 

• He C~(x)nL°^(x). 

Example 8.12. If X = S*^ and D = pt, suppose that in terms of a local coordinate z near 
pt, the metric takes the form cox = —a/— 1(9(9 (log log' + log log log' |-2|~'). Then ux 
has standard asymptotics but does not have superstandard asymptotics. 

Lemma 8.13. The property of having superstandard spatial asymptotics is independent of 
the choice of Hermitian metrics {hLi}i=i- 

Proof. Given a Hermitian metric h^., any other Hermitian metric on can be written as 
(pihi- for some positive (pi G C°°(X).Then 

(8.14) loglog'(0rV,|,2) _ iogiog2 |^^|-2 ^ 2Iog | 1 + ^^^'^^ ' 



2 



log Wi 

which is bounded on X. The lemma follows. □ 
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Example 8.15. Continuing with Example I6.14[ one can check that uj has superstandard 
spatial asymptotics. 

Lemma 8.16. IfoJx has superstandard spatial asymptotics then 

Proof. Let be a smooth Kahler form on X. First, from f lS.lip and the definition of 
standard asymptotics, if C > is sufficiently large then there is some C > so that 
y/^^dd{H — CY^\^^Ci\og\o^ \ai\l^) > —Cuj^onX. Lemma [8A] implies that the extension 
of y/^dd{H-C^^^^ a loglog^ \ai\lf) by zero to X vanishes in R^'^'^\X; R). It also follows 
from Lemma [HH] that the extension of —^y—l^^ Cj loglog^ |c"j|Z^ vanishes in H*-^'^''(X; R); 
see fl6J[5|) . Thus [oox] = [rjx] e H(^'^)(X;R). ' □ 

Theorem 8.17. Suppose that uxiO) has superstandard spatial asymptotics. Suppose that 
the normalized Kdhler-Ricci flow ux{t), with initial Kahler metric ux{0), exists on a max- 
imal time interval [0,T) in the sense of Theorem \4.1\ Then for all t G [0,T), uxit) has 
superstandard spatial asymptotics. 

Proof. Recall the definition of cut from (13 ■4p . Applying (18. 7p and (18.110 to ujx{0), we can 
write 

(8.18) ojxit) =ujt + ^f-[ddu{t) 

= -r]^ + e-\rjx + r]^)- 



-Idd (^{1 + e-*(Q - 1)) log log' \a,\lf -H' + e-\H + H') 



u{t) 



From Corollary ESI M(t) G L°^(X). □ 

Theorem 8.19. Suppose that ux{0) has superstandard spatial asymptotics. Then the max- 
imal existence time T G (0, oo] of the Kdhler-Ricci flow on X , in the sense of Theorem \4.1 , 
equals 

(8.20) sup{t G R+ : e"*[wx(0)] + 27r(l - e"*)[ir^ + D] Ues m the Kdhler cone ofX}. 

Proof. From Theorem 14.11 it suffices to show that if e^*[a;x(0)] + 27r(l — e^*)[-ft'j^ + D] lies 
in the Kahler cone of X then there is a function Ft G C°°(X) such that 

(1) Ut + yJ—lddFt is a Kahler metric which is biLipschitz equivalent to u;x(0), and 

(2) For each fc, the fc-th covariant derivatives of Ft (with respect to the initial metric 
ojxiS^)) are uniformly bounded. 

Suppose that uj^ is a Kahler metric on X whose class in }1^^'^\X] R) equals e~*[a;x(0)] + 
27r(l — e~^)[KY+ D]. We construct a Kahler metric ux on X as in Example 18. 151 using the 
constants {1 + e~*(cj — l)}J=i. We now write 

(8.21) uJx = 0Jt + y/^ddF 

and show that we can solve for F. That is, we show that we can solve 

(8.22) V^ddF = ujx + Ric(wx(0)) - e~* (wx(0) + Ric(u;x(0))) . 
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From Lemma [8.131 for the purposes of the proof we can assume that the Hermitian metrics 
h^^ are the same in the construction of ux and in the superstandard behavior of ujx{0). Let 
and rj^ be the (1, l)-forms on X involved in the superstandard behavior of ujx{0). From 
(I6J[5|) . dkZD and (IHTTj) . we can write 

(8.23) cox + Ric(wx(0)) - e"* {ujx{0) + Ric(a;x(0))) =uj^ + r]!^- e-\nx + V^) 

- V^ddiH' - e-\H + H')). 

From Lemma 18.161 and our assumption on u^, we know that and —1]^ + ^"^('Tx + Vj() 
both represent the same class in H(1'^)(X;M), namely e-*[ujx{0)] + 2n{l - e-~^)[KY + D]. 
Thus 

(8.24) + - + ^x) = V^ddf 
for some / G C°°(X). 

From dH^SD and ([HJl]), we can solve iK21^ for some F G L°^(X). From iK21^ . the 
Laplacian Atj_^(o)-^ = Tr (^uJxiO)^^y/—lddF) has bounded fc-th covariant derivatives (with 
respect to ujx{0)) for each k. By elliptic regularity (where near the divisor we work on the 
covering spaces H"^ x A""'", which have bounded geometry), we conclude that F also has 
bounded k-th covariant derivatives for each k. This proves the theorem. □ 

This finishes the proof of the first part of Theorem 11.11 Theorem 11.11 is stated for the 
unnormalized Kahler-Ricci flow (13. ip instead of the normalized Kahler-Ricci flow (13. 2p . so 
one has to make the translation between the two. 



9. Singularity type 

In this section we give sufficient conditions for the Kahler-Ricci flow on a quasiprojective 
manifold to have a type-II singularity. We give examples in which this happens. 

Theorem 9.1. Suppose that uJx{t) is a Kahler-Ricci flow solution on a quasiprojective 
manifold X = X — D, D (/), whose initial metric ujxiO) has superstandard spatial 
asymptotics. Suppose that the maximal existence time Tging, in the sense of Theorem \4.1 



is finite. Suppose that there is a number C > so that for all t G [0,Tging), we have 
vol(X, g(t)) = :^ fx <^x(t)^ < C(Tsing — t)". Then the Ricci flow has a type-II singularity at 
time Tsing, i.e. lim sup^^^^.^^^ ((Tsi^g - t) sup^^x I Rm(x,t)|) = oo. 

Proof. If the theorem is not true then there is some C" > so that for all x G X and 
t G [0,Tsing), we have |Rm(x, t)| < j,^ From [20, Theorem 1.4], for any x' G X 
there is a sequence of times ti Tsing so that if we put Xj = Tsing — ti then the rescaled 

Ricci flow solutions gi{x,t) = rf^g (x, Tsing + tTi) have a pointed limit {X,gi, (x', —1)) 
{Y,goo, {Voo, ^1))- Here (Y,gac) is a complete gradient shrinking soliton with bounded cur- 
vature which is K-noncollapsed at all scales, for some k > 0, in the sense of Perelman [2T]. 
(Note that there is no k > so that the initial metric ujx{0) is K-noncoUapsed at all scales. 
Nevertheless, in this setting the blowup limit is K-noncoUapsed at all scales for some k; see 
[201 Remark 2.2].) 
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From our assumption, {Y,g{—1)) has finite volume. However, the K-noncoUapsing now 
imphes that Y is compact. (We thank Lei Ni for this remark.) Namely, if Y is noncompact 
then it contains an infinite sequence of disjoint unit balls. The K-noncollapsing, along with 
the bounded curvature, implies that there is a uniform positive lower bound on the volumes 
of these balls. This is a contradiction. 

Thus Y is compact. This implies that X is compact, which is a contradiction. The 
theorem follows. □ 

Corollary 9.2. Suppose thatux{t) is a Kdhler-Ricci flow solution on a quasiprojective man- 
ifold X = X — D,Dy^^, whose initial metric ujx{0) has superstandard spatial asymptotics. 
/fusing < oo and limt^T^.^^[(^x{t)] = in }i^^'^\X]'R) then there is a type-II singularity at 

Proof. From the smoothness of [a;x(i)], we can write [c<;x(i)] = (^sing — t)Rit) for some 
smooth function R : [0,T,i^g\ H(^'^)(X;R). Then there is a constant C < oo so that for 

t e [0,Tsing), 

(9.3) / Lo^^it) = l_[uJx{t)T < C(Tsing - tr. 

J X J X 

The corollary follows. □ 

This finishes the proof of the second part of Theorem II. 1[ We now give some examples, 
using the unnormalized Kahler-Ricci flow of Theorem 11.11 

Example 9.4. Suppose that X = and D = pt, so X = - pt = M^, Let [S"^] e 
Im(H2(52;Z) ^ H^(52.^)^ p H(^'^)(52;R) denote the fundamental class in cohomology. 
Then [Ky\ = — 2[S'^] and [D] = [S"^]. From Theorem II. H Tsing is the supremum of the 
numbers T > so that [wq] - 27vT[S^] G H(^'^)(X;R) is a Kahler class. That is, T^\„fr = 
2^ /jg2 i^x(O) = 2^ Vol(M^, (7(0)). (As we are now dealing with the unnormahzed Kahler-Ricci 
equation ^ = — Ric, the singularity time given here differs by a factor of two from the result 
■^Vo\(M? , g{0)) stated in the introduction for the unnormalized Ricci flow ^ = — 2Ric.) 

As [wo]— 27rTsing[5'^] vanishes in ]i^^'^\X; R), we conclude that there is a type-II singularity 
at time Tsing, in agreement with the results of Daskalopoulos-del Pino-Hamilton-Sesum [TJ 

Example 9.5. Taking a product of the previous example with S"^, suppose that X = S"^ x S'^ 
and D = {pt} X S\ Let [S\, [S% E Im {R^S^ x S^;Z) ^ ^(S^ x S^;R)) n }1^'''\S^ x 
S'^;R) denote the fundamental classes of the two sphere factors. Then Kj^ = —2[S'^]i — 
2 [5^] 2 and D = [S'^]2- We conclude that Tsing is the supremum of the times T so that 
/[S2], 0Jx{0) - 47rT > and f^^,^^ ujx{0) - 2'kT > 0. 

. If < ^^^^ then Tsing = Since MO)] + 2nT,^,[K^ + D] is 

nonvanishing, we cannot conclude that there is a type-II singularity. In fact, if the 
initial metric uxiO) is a product metric then the first S'^-factor shrinks to a point 
at the singularity time before the other factor can collapse, and we have a type-I 
singularity. 



RICCI FLOW ON QUASIPROJECTIVE MANIFOLDS 



29 



• If — = '"^^'l^^ — then Tsing is this common value. Since [oJx{0)]+27iTsing[Kj^+ 
D] = 0, there is a type-II singularity. 

. If ^^^^ > ^^^^ then T,„, = ^i^^. Since [u^O)] + 2r:Z,^,[K^ + D] is 
nonvanishing, we cannot conclude that there is a type-II singularity, although there 
is one if uxiO) is a product metric. 

Example 9.6. Suppose that X = CP" and D consists of k copies of CP"^^ in general 
position. Let [H] G Im(H2(CP";Z) ^H2(CP";M)) n H(^'^)(CP"; M) be the hyperplane 
class. Then [Kj^] = —[n -\- 1)[H] and [D] = k[H], so Tging is the supremum of the numbers 
T > so that [coo] + 2n{-n - 1 + k)T[H] e E^^'^\X; R) is a Kahler class. 

• If k > n + 1 then Tsing = oo. In this case there is a finite- volume Kahler- Einstein 
metric ujke on X with Einstein constant —1 fT6\ [2^ [27] . Theorem 15.11 says that 
for a wide class of initial metrics, the normalized Kahler-Ricci flow will converge to 

• li k = n + 1 then Tsing = oo. In this case there is a complete Ricci-flat Kahler metric 
<^Ricci-fiat on X [25]. It should be possible to show that for a large class of initial 
metrics, the unnormalized Kahler-Ricci flow converges to a multiple of umcd-fiat- 

• If < n -|- 1 then Tsing = '^^2^(n+i-k)'' ' wh^re CP^ denotes a generic complex line in 
X = CP". If in addition k ^ then there is a type-II singularity. 

Note that when k = 1, there is a f/(n)-invariant superstandard initial Kahler 
metric on X = C" = CP" — CP"^^. At infinity, it looks like a family of hyperbolic 
cusps parametrized by CP"^^. It is plausible that in this case, there is a rescaling 
limit at the singular time which is a ?7(n)-invariant gradient steady Kahler-Ricci 
soliton. Examples of the latter are in ^ . From [71 El El ID] , we know that there is 
such a rescaling limit when n = 1. 
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